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It has been of considerable interest to study linear maps from the «X« matrices to themselves that leave certain quantities invariant
[l]-[l2]. Often these maps are necessarily of the form F(X) =AXB or AXlB with certain restrictions imposed on the »X« matrices A and B, where the superscript / denotes transpose. For example, Marcus and Moyls [8] show that such maps which preserve spectral values are of these forms with A unimodular and B=A~1. They show in [8] , [9] that such maps which preserve certain given ranks are of these forms with A and B nonsingular. Marcus and May [7] show that such maps which preserve the permanent function are of these forms with A = PiDx and B =P2D2 where the Pi are permutation matrices and the Z?,-are diagonal matrices such that per DiD2 = 1. Marcus, Mine, and Moyls [lO] show that one may assume that Di = D2 = I if in addition the linear map leaves the doubly stochastic matrices invariant.
This paper is concerned with linear transformations which map the set of «Xn generalized doubly stochastic matrices, i.e. nXn complex matrices whose row and column sums are one, into itself. It is shown that the set of such maps F which includes both F and F* is precisely the set of linear combinations of transformations of the types AXB and CX'D, where the sum of the coefficients in any such combination is one and A, B, C, and D are generalized doubly stochastic. It is clear that if F is such a combination, F(Jn) = F*(Jn) = Jn, where /" is the «X» matrix whose entries are each l/n. There are linear maps not of this form which send the generalized doubly stochastic matrices into themselves which do not have /" as a fixed point. For example, let F\ be the linear map from the 2X2 complex matrices into themselves such that
However, for such a map, the adjoint does not leave the generalized doubly stochastic matrices invariant. We shall make use of the following notations and definitions. Mmn(C) shall denote the mXn complex matrices, but we shall write Mn(C) in case m=n. 0mn is the zero matrix in Mmn(C) whereas 0" and /" are respectively the zero and identity matrix in Mn(C). En EMmn{C) is a matrix whose element in the (i, j)th position is 1 and whose elements are otherwise 0. Mn{C) will be given the usual inner product: (X, Y) = ]Cïfl-i]C"«i xuyn< where the bar denotes conjugation. The inner product induces the conventional norm on Mn(C) :\\x\\2 = (X, X).
[ Proof. This follows from the fact that F"\ = (A ®B')*=A*®B*'. The author is most grateful for an invaluable discussion with Professor Paul Knopp concerning this presentation.
